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Unit - VII

Laplace Transforms -1

71| Introduction

Many physical problems when analysed assumes the form of an ordinary differential
equation subjected to a set of initial conditions or boundary conditions. Such problems
are referred to as initial value problems and boundary value problems respectively.

Laplace Transforms (L.T) serves as a very useful tool in solving these problems
without actually finding the general solution of the differential equation by various
known methods.

The application of Laplace transforms is highly significant in engineering problems
associated with electric circuits.

7.2| Definition
[

If f(t) is a real valued function defined for all #>0 then the Laplace transform of
f(t) denotedby L[f(#)] is defined by

)

LUF(O) = | etf(tydt
t=0

provided the integral exists. On integration of the indefinite integral we will be having
a function of s and ¢. When this is evaluated between the limits =0 and f = eo we
will be left with a function of s only and we shall denote it by f( s) wheres isa
parameter, real or complex. Thus

LUF)T =F(s).

Equivalently we can express this in the form
A ONES{EY

and is called the inverse Laplace transform.

Note : Since Iz'ﬁearity property holds good for an integral we can obviously infer that
L[clf](t)j:czfz(t)] = cll[fl(t)]ich[fz(t)] where <, & ¢, are constants,
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i 7.3? Laplace transform of discontinuous functions

Working procedure for problems

2 Here f(t) is composed of different functions in different subintervals of
(0, o)

fi(t), 0<t<a
2 Suppose f(t)=<f(t) a<t<b
f3(t), t>b
then we consider the basic definitionof L[ f (t)_]. That is

=]

LIf()] = | estr(eyar
4]
/

2 By taking into account the intervals involved in the given f(t) we express the
integral in the equivalent form by using a property of definite integrals.

a

b .
LIF()] = | estrctyats [ e f(rars [ estr(erat
0 a b

2 Wesubstitute the relevant f(t) as in the data.

a

b oo
Now LIf(t)] =] etftrat+[ g (rder [ e f ()
0 a b

2 Weevaluate the integrals to obtain L[f(#)] asa function of s.

Note : If F(t) is a polynomial in t then we have to write J-e_StF(t)dt as
JF (t)e St dt and Bernoulli’s generalized rule of integration by parts as follows will
be convenient to complete the process of integration.

Iuvdtz U J.va't-u’ Ijvdtdt+u” jfjvdtdtdt—---

WORKED PROBLEMS

c

1. Find LIf(t)] where f(t) =i

L O0<t<d
5 >4

oo

oo 4
>> LIf(t)] = fe‘f’*f(t)dt: je‘“f(i-)dwje““f(t)dt
Q Q 4

Using the relevant f(t) in the integrals we have,
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4 o
L) = [t tar+ [ 50
0 4

4 -
_ — st — st
= Jretares fotar
0 4
Using Bernoulli’s rule for the first term in RH.S we have,

—si - st — st
L[f(t)]{t-e T -M-QT +5{*’ Jj
sl L S, LS

sin2t, 0<ft<m
0, t>1n

2. Find LIf(t)] if f(t) ={

>> LU = Jestfceyde = [estptyaes [o s p (1) at
0 0

1
Fid o0
ie. = fetsinotaes [t 0at
¢ id
) en't
Using [¢" sinbtdt = (asinbt-bcosht) we have,
@+ b
T
e—st
LIf(t)] =| ——5—(-ssin2t-2cos2t) | +0
(-s) +4 -0
_ -1 [e‘sr(ssir12t+2co‘321‘)T‘I
S +4 R
- [T 2-2)
55 +4

cos2m =1=cos0, sin2m = 0=sin0
2

Thus LIf(¢)] = 3y

(1-¢7%)
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A o<t<l

3. Find LLF(EY) if f(t) =
imd LLF(E)) if f(1) {0’ o1

= 1 o0
s> LI = [estfeyae = [esfeeyaes festceyat
0 0 1
1

1
ie., = Ie'Sf-ethO: Ie_(s_l)tdt
0 0

—(s-1)t

1
: e T 2 s
ie., _{—(s—l)jL—s—l[e 1}

_ 1 [ (s-1)
Thus LIF(H)] =~ [1 e ]

0, 0<t«l

4. Find LIF(t)Y)if f(t) =44 1<f<2
0, t>2

>>  LIf(H)] = Jesrera
]

1 2 )
= [estceydes et peydes Jetf(eyat
0 1 2

On substituting for f () we have only one integral in the RH.S.
2 2

LIf(t)] = Jest-tar = Jrestar
1 1
Applying Bernoulli’s rule,
— st (-st _)2
L[f(t)]Jt[e J-lle—)l
L U=s) L&),
1

_ :;1(26*—25_8—5)__5(8—25_8—5)

5

Thus LIf(#)] = %(e_s—Ze_zs)+—(e_s—e'2s)
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5 If f(¢) = {;‘35”‘2“/3)';2?:;3“/3 find LUF(E)) i
oo 2n/3 oo

>> Lift)] = fe‘“f(t)dt= j'e"“f(t)dt+j'e‘“f(t)dt
0 0 2n/3

LIf(t)] = O+J‘e_3tcos(t—2n/3)dt
2n/3

_St oo
=,; [—scos (£-2n/3) +sin (¢ -21/3)]

5°+1
2n/3

L[f(t)]=5211{0—8“2-?5/3(—sc050+sin0)}
—2ms/3
Thus L[f(t)] = 3¢

7.4| Laplace transform of some standard functions

1. L(a) where ‘a’ is a constant.

= —st T _
L(a) = J.e_“-adt: a[e_s L = —52(0—1) =§
0

oo

L(e™) = [es g < [ (5madtyy

0 0
—(s—a)t
at e 1 1
= EEEEEE— :0— =
L™ [—(s—a):[ —-(s~a) s—a
at 1
Thus L{(e¢ )=s—a where 5>4
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3. L(coshat)
af - af
L(coshat) =L ?—ie—J= {L(e“f)JrL(e_“t)}

{Lwﬂ-l——} since L (") = 1

N —

s§—4a

(s+a)+(s-a)| 1 s 5
= 2.52

(s—a)(sta) -2 f-d

4, L (sinhat)

at _—at
L(sinhat)=L(€ '26 }=%{L(€“)-—L(é““t)}
1 1 1 1 1 (s+a)—(s—a)| _a
_E{S—a s+a| 2] (s—a)(s+a) | 2-4
Thus L(Sinhﬂf)=‘szil—a2 where s>a
5. L(cosat)

o

L{cosat) = Ie‘Stcosatdt

0
eat
Using Ie“tcosbtdt = 5 (acosbt+bsinbt) we have,
a+b
{ e—st
L(cosat) = | ———F——>(-scosat+asinat) |
| (=s) +a 2o
" 1 — st : :r
—m[e {(—scosat+asinaf) -0
1 0 . $
= — ! 0—¢ (~scosO+asin0) | =
¥+E[ P+

5

Fid

Thus L(cosat) =

where s>0

+
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6. L(sinat)

L(sinat) = _[e" * sin at dt
0

af

Using Ieat sin btdt = a26+ 7 (asinbt-bcosbt) we have,

!_ e—st ™
L{sinat) = | —— 5 (—ssinat-acosat) |
L(—s) +4a =0
= 2_ 2[6_5t(ssinat+acosat)jl:= 2_ 5(0-a) = 4 5
5 +a s +a 52'1"&
a
Thus L(sinat) = where s> 0
S+
7. L(t")

L(t"y = [estemar
0

Put st = x . dt = dx/s and x varies from 0 to oo

o n
_ d 1 ¢, I'(n+1
Now L(tn)zjex[g)Tx:MlIelxndx:ﬁml
0

=

r 1
Thus L(t") = Fn+l) where # is a constant.
J +1
Remarks

1. We know that T (n+1) exists if n is a positive real number or n is a non negative
integer. Hence the expression for L (t") is valid for n belonging to these categories of n.

2. Weknowthat T (n+1) = n! ifnisapositive integer.

r
L(t"y = —?Fﬁ if nis a positive integer.
5

We shall establish this result without the involvement of gamma functions.
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8. L(t") wheren isapositive integer.
14 g

L(t") = Ie““t” dt = jt”e‘” dt
0 0

Integrating by parts we have,

— st « -~ st «
L(t") =[t"‘e - r—j e_q (nt" " Vydr = 0+%Ie_5tt"_ldt
0 0 - 0

L(t")=§L(t"‘1)

1

Similarly L ("~ 1)="— L™ et

Ly, LEny =20

Also L(t?%) = %L(t1), L(t!) = %L(to)
Using all these results by back substitution we have,

H _E_n"‘l'n""z gl 0
L™y =573 $ s s L)
1 !
:n_L(l)=£n_"5"_ nn+1
$ $ s
1
Thus L(t") = snn; ; where 7 is a positive integer.
‘Table of Laplace transforms

: [ o R I[ T _ E
S Lifoi=fe) | | f¢) LIFOI=f6)
! !
1 a a > | sinhat a |
: $ = st — i |
- - . R — - i
2 &t 1 ; sin at 6 |
5-d e
3. coshat $ 7. " T(n+1) '
‘ 52 - a2 Sn +1 |
3 R T !

L 4, cosat $ 8. # n!

& +a n=123,.. !
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Observe the following illustrations based on the table of Laplace transforms.

4
LL(4) = ZLu%=
_ 1
3. L t —- . 4t
(e ) St 1 4. L(37) =
5. L(2cosh2t) = 225 6. L(3sinh2t) = 26
5°—4 s —4
7. L{cost) = 28 8 L(3cosdt) = 235
5541 5+ 16
5! 120 3 3t 24
9, L(t’)=2 = 22 10. L(4)=4.2 = =2
36 36 34 54
u.uﬁ)=LuV%=£%%Q 12Lumu)=22
s 5+4
. 1/2-T(1/2 i
ie, L(Vt) = 3/(2 - 5 372
5

WORKED PROBLEMS

Find the Laplace transform of the following functions

6. cosh> 3t 7. ¢ 2! sin hdt
8. sin5t.cos 2t 9. cost-cos2t-cos3t
.2 ' 113 t
10. sin“ (2f£+1) 11 (3t+4)Y +5
4 3
12, 3Vt +— (
14, 75244572

3t -3t
6. Let f(t) = cosh’3t = [iz—e—:r

1
ie., Fty = 2 e e 10y

Thus LIf(t)] =Z[:sT+—+_“‘-}
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A
2

7. Let f(t) = e . sinhdt = e‘zf-(

ie., f(t):%(ezt——e_ﬁr)

11 13, 2
Thus L[f(t)]22(5w2_s+6]—(5"2)(5+6)

1 !
8. Let f(t) = sin5tcos2t = j{sin(5t+2t)+sin(5t~2t);

ie., f(t‘)=1

| sin 7t + sin 3¢ |

P+49 $£+9

2
Thus L[f(t)_]=%[‘—7—-+ 3 }

9. Let f(t) = costcos2tcos3t

: f

Now cost-cos2t = ~{cos(t+2t)+cos(f—-2t)} =

N =

(cos3t+cost)

R

1
Thus  costcos 2t cos 3t = » | cos 3t cos 3t + cos 3 cos ¢ ;

1
ie., f(t)=%{E(cos6t+c050)+%(cos4t+c052t)}

1
f(t) = 1(c056t+1+cos4t+c052t)

S+36 S £+16 s +4

Thus L[f(t)]=i-[ 5,1, + 5= }

10. Let f(t) = sin2(2t+1) = %1’1—c052(2t+1);L

1
ie., f(t):i{l—cos(4t+z)}

. 1 ; A
te., f(t):wz-{l—cos4t-c052+sm4t sin2 ;

l_scosz 4 5in 2

Thus L[f(t)]:%{— + }

S £+16 s°+16
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11. Let f(t) = (3t+4)%+5
ie,  f(t) = (2734108t %+ 144t + 64 ) 4 £085

3! 2 1! 64 1
L £)1 =27 —+108 -~ +144 . = 4+ —=
[f(t)] 3t 0 53+1 32+S+S_1085

2 4
Thus L[f(#)] = 16 2136+142 +64 1

res2) r2)  3¥n 4vn
LIf()) =3—57 12 T L2t f

— —_——— — / —_—— - ———
13. Let f(t) (’vt ,-—t] t g 3( t \/t_)

ie., F(E) = £32 =32 3 V2 5172

[(5/2) T(-1/2) 3T(3/2) 3 (12
L[f(t)] (S/Z) (—-1/2) 5(3/2 )+ S(l/2 ) - (1)

r(1/2)=vn, ©(3/2) = % (572)= 3;[’?,

m@:_zﬁ

F(-172) = =2

Substituting these values in (1) we get,

3Vm
LIf(t)] = 5/2+2\f— s-————253/2+-;72~
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%}i Let f(t) =t~ >24¢2

I'(-3/2 2
LIf()]= (3‘3//2 )+1“(77//2) (1)
§

But [(-372) = (212)_ -2 T(72) 4\Nn

-32 3 -1z 3
r(7/2) = —g—.%.%\h_= 158%?

Substituting these values in (1) we get,

4NT 15T
LIf(t)] = 35—3/2+837/2

Thus LIf(#)] = JE[-;?/%E—L]

8 s?/ 2

75 Properties of Laplace transforms

751 If LIf(t)) = f(s) then LLe* f(£)) = f(s—a)
Proof : We have by the definition,

LIf()] = Je ot f(eydt = F(s) ()
0

LIMf(y] = [t et feeylat = je-sf”ff(t)dt
0 0

e, LIS =[G Dpyar

0
Comparing this integral with the integral in (1) being denoted by f(s) we observe
that (s-—a) has replaced s. -

Thus L&' f(#)] = f(s-a)

Note : LIe ®'f(t)] = f(s+a)
Remark : This property is known as the shifting property.
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WOLLf(EY]) = f(s), then LIt"f(t)] =(-1) ”[f(s)l

where i is a positive integer.

Proof : We establish the result by the principle of mathematical induction.

Wehave  f(s) = e *tf(t)at

Differentiating w.r.t.5 on both sides we have,

(=]

gd;[f(S)] = Uf%[fa‘f“]f(t)dt.

In the RH.S, we shall apply Leibnitz rule for differentiation under the integral sign.

(=]

%[?(sH:OIe‘S"(—t)f(r)dt
i - T
or (D) [f()] = Je ey 1at = LItf(1)]
0

This verifies the result for 7 =1
Let us assume the result to be true for n =%

k

. kd” o= ] = k

e, (1) (J(s) ] = LIETF()]

or (—1)kd—k [f(g)]z?eﬂ’[t"f(t)]dt
ad Lo h

Differentiating w.r.t.s again we get,

kd _mi -3 k
(-0 ff( )]*Ias“ DR F(e) d

(-)[t5F(e) e

&

K

-~

[

—

S

e
2| m
L0 R
S o+
—_— Ll
—
S

—

e

[
cn__.g

Multiplying by (1) we get,

(- UkHdkH[f(S)]“J‘"qr ey 1t
0

353

()
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k+1
k+1 d

ie., (-1)
dsk+1

[Fesy] =115 fen] .0)
Comparing (2) and (3) we conclude that the result is true for n =k + 1. Hence by the

principle of mathematical induction the result is true for all positive integral values
of n.

Thus th"f(t)l=(—1)":§[?(s)1=(-1)" £ (s)

Remark : This property is called the derivative of the transform property.

f(t)

7.53| If LIf(t)]=F(s) then Llit]= I?(s)ds :

Proof : Wehave f(s) = Ie_“f(t)dt
0

f(s)ds =

N o, 8
'-Dv-_-.g

[ estrceyar |ds
¢

ie. et f(+)ds dt, on changing the order of integration.

=] Je
0 s
_-°]‘ e-sf tdt-]’_ . o5t
_O _tsf() ) -t

}f(t)dt

5 —

ie, | F(s)ds= J‘e"s‘[m}dt:L{igg—)}

t
0

t —_
7584) If LIf(£)] =f(s) then L| | f(e)dt _/
0

t
Proof :Let F(#) = J-f(t)dt and hence F'(t) =f(t) and F(0) =0
0
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Now L [F(t)]= j: F(t) ¢ * dt by the definition.

Integrating by parts we get,

o0

—st = -st
L[F(t)]=[1—"(t)e_l = rrnya
t=0 0 5

oq

=(0—0)+§ [estrctyae =
0

S F

s)

t -
Thus L| [f(t)dt £
0
Properties at a glance
If L{f(#)] = f(s) then we have,
L L[e"f(t)] = F(s~a)
d?‘!

2 LIt"f(t)] = (-1)" = [F(s)]
ds

. _ d - 2 uﬁ =
In parhcularL[tf(t)]—-a [j(S)} L[t f(f)l—dsz [f(s)]

3. L{'f(—:)} = _ff(s)ds

t —_—
4 L [fera :@
0

WORKED PROBLEMS
Find the Laplace transform of the following functions

15, ¢ 2 (2 cos 5 — sin 5¢) 16. ¢ ! cos® 3t
17. =572 18. (1+3te*)?

19. ¢ sin 5fsin 3¢ 20. sinh at sin gt

21. cosh tsin’ 2t
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15. Let f(t) = 2cos 5f —sin 5t

§ 5 255
L[f(t)] =2 —-—= - _
=25 55 5= 5
~2t 25-5 2(s+2)-5
Now Lle £)] = L LY
e {52+25} (8+2)2+425
§—5+2
25-1
Thus L[e'zt(2cos 5t—sin5t) ] = _Z_SW
§ +4s+29
1+ cos 6t

16. Let f(t)=cos’3t=""

1)1 3
L[f(t)1=5[§+q2:36}

Now L[e_tc0523t]:l 1+2_5m | .
218 $2+36 -
- s— (s41)
Thus Lie fcos?3t] = + s 5
2| s+1 (s+1)°+36
17. Let f(t) =+t >
4Vn 3.
LIf(t)] = —3=5"" (Refer Problem-14)
~4t , ~5/2 4\/E 372
Now Ll f I= T[b ]s—>s+4
- 4

18. Let f(t) = (1+3te?)? = 146te? +9t%e"
LUF(Y] = L(1)+6L(e¥ ty+oL(e* £2)

! | N
= g+6{L(f)iH{S_2)+9{L(t )

J.S—)(5+4}
1 2
But L(t)zfzamiL(t?):_2
8 5
1 6 18
Thus LI(1+3t&7 )Y ) = —+ S+ .
S (5-2) (s-4)
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19. Let f(t) = sinbt sin 3t = %{cos(St—Bt)—cos(StJrSt)}

ie., f(t):%(cos2t—c058t)

1 S 5 30s
LIf(t)] =5 - =
[f(t}] 2(52+4 52+64J (52+4)(52+64)
Hence L[€3!f(t)] = 3 3052 }
(F+a) Py [
ie., L1e¥ sin5tsin 3t ] = =2 l222)

[(s-3)%+411(5-3)%+64]

30(s-3)
(& ~65+13)(s*—65+73)

Thus L& sin5tsin 3t] =

Lt —at

20. Let f(t) = sinhatsinat = " sinat
. 1 af . —af .
ie., f(t) = E(e sinat —e " sinat)
1 . .
LIf(t)] = i{L(smat)s__)s_ﬂ~—L(smat)5__>s+a}
But  L(sinat) = —>
u 7)) =
S+ a
. 1 a a l
Hence L (sinhatsinat) = = -
2 {(s_a)2+a2 (s+a)2+azj
_a 1 i 1 ]
2 ) §%424% - 2as 52+2a2+2asJ
_a das
2 (P+2t -1l
2ds

Thus L{sinh at sinat) =
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21. Let f(t) = sin®2t = i—(BsinZt—sinét)
. 1 2 6 48
L(sin®2t) = 2|35 =~ 57— | = — s
s“+4 57436 (s"+4)(s5 +36)
et 3
Now L(coshtsin3 2t) = L —--A—2—--sin 2t
=%{L(e*sm32r)+L(e“sm32t)}
1 . )
= 5 {L(sin2t), _ +L(sin 25 gen )
1 48 48
=9 2 2 RN Y
[(s—1Y +4][(s-1)+36] [(s+1)y+4][(s+1) +36}

in® 2t)= 24 ! ;
L(cosht sin” 2t) {(52-—25+5)(52—25+37)+(52+25+5)(52+25+37)}

Find the Laplace transform of the following functions

22. tcosat 23. +%sin at 24, t3sint
25. t3cosht 26. 7 ¢ cosh 3t 27. te fsinat

5

22. Let f(t)=cosat . LIf(t)}=

52+H2
~d( s (s*+a’)1-5-2s
Now L[tf(t)1=g(_sz+azj=" (242 1
Hence L{tcosat) = 522,:22)2.
+
23. Let f(t) = sinat . L[f(f)1=szjﬂz
2
2 _d°f_a y_dfd( 4
Now L[t f(t)]—d32(52+a2J_d5{d5(52+a2J}
. d| -2as
tetsnan = ] 20
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(q +_a'lA7”2a)+2as (52+a%‘);27$
(s +a? )

L[tzsinat]

_ 2a(52+_a2)i—(s +a )+452jf

(52+a2)4
2 . 2a(3$2-—a2)
Thus L[t Slnat] :—‘(_‘52“:;*2?——
. 1
24. Let f(t)=sint ~ L[f(t)]= 2+1

3
Now L[t3sint]= (—1)35(_:;L
55+

—_d dld 1
B ds ds dH é; +1

ds 1}
, -d d - 25 d (s +1) 2-2s. 2(5 +1)-2
L[t3sint] = 24, < | _ 4 +1)-2s
[ S ] ds db‘{(52+1)2} ds (.5 +1)
2 2114211
. “ssmt]:%{zgsi%i_e_%m_g Y { 1-35° J
> (s"+1) (s2+1)°
L{t3sint] = ’(b G 6””(1”2) 3(P+1)% 2
(s +1)

= —'125(52+1)2|J£' +1)+(1—”)5 )

(s*°+1)° ]

Thus L[t3 sint] = 248(5::1)

(£ +1)

25. Let f(t) = t3 cosh t

Note : Here we should not prefer to work the problem similar to the previous problem as we

have cosht which can be converted to the form (¢'+e¢ ')/2 so that it will be highly
convenient to apply the shifting property.

-y
f(t) = fs(egi‘”] = —; {ett3+e"tt3}

LIf(t)] = 1L(t e e PL(EY, ‘

S )‘H-lr
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1
But L(tg)"—*%:é
5 5

1 6 6 1 1
Th L{t3cosht] = = + =3 ey
us LU cosh 2{(5—1)“ (s+1)4} {(s—l)“ (s+1)4}

1 -
26. Let f(i) = t2 et cosh 3t = t534r-§(e3t+e 3t)

ie., f(t)=%(e7tt5+ert5)

1 5 5
L[f(t)]zi{L(t )5%5—7+L(t )S—-)Sml}
51 120
But L(t°) =" =
S 6
) 1
Thus L(t5e4tcosh3t)=— 120 ot 1206 = 60 L e+ 1 e
2)(5=-7)® (s-1) (s=7)¥ (s—-1)
27. Let f(t)=te 2t 5in 4t
L{sindt) = 24 L(emﬂsin4t)= 42 = 4
s+ 16 (s+2)y +16 s +4s+20

Hence L(teﬁztsinz;t):_d[ 4 }_ 4(2s+4)

A5 Pras420 [ (sPHds+20)°
8§(s5+2)
(s> +4s+20)

28. Shoie thatf It3 e lsintde=0 /
0 -

>> Wehave "-e_St-tz’sintdt = L(t3s'mt)
0
Referring to Problem-24 for the R.H.5 we have

o

Thus L(te’ztsin-’lt) =

s
je‘S*-tBSmtdt=m24b2(b 41—)
0 (s+1)

Thus by putting s =1 we get Ie_ttssintdt= 0
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29, Show that J’tc’_ﬂsin‘lfdt: 215
0
>> We have J-e_s"tsindltdt = L (tsin4f) D
0
—d -d
Now L(tsindt) = ——L(sindt) = 5= -—2—4— = -——-2—§i—2
ds Slsf+16) (s52+16)
r -5k, . 8s
Hence (1) becomes Ie tsindtdt = S 5
J (2 +16)
o o 16 1
Thus by putting s=2 we get, 6[9. tsin 4t dt = 100 = 25

30. Find the calue of J-t ¢ ' cos 2t dt using Laplace transforms.
0

>> Wehave Je_Sttcos2tdt = L(tcos2t) D
0
. . : -4
Proceeding as in Problem-22 we can obtain L (tcos?2t) = (“"TT)z
s+

Using this result in the R.H.S of (1) we have,

" — 5f 52—4
Ie Tteosltdt = ——
0 (52+4)

5

: -3t
Thus by putting s =3 we get _[e tcos 2tdt = 169

Find the Laplace transform of the following functions.

;i . _ sinf ¢
31 1-¢ 1. cos g:t___r__c_o_s_llt - 7”_;“,
t -

.2 2 sin ! sin 5¢ sin at
sin” | 35, 7P 2 .
34. o 'l:” * t - ' t
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1
s s5+4+a

31 Let f(t)=1-¢ ™ o f(s)=LIf()] =

>> Wehave L{i%t—):I= If(s)ds

" 13-
:[logs—log(sﬂz)]:’=[[og[$]}s

. s ). 5

e., —slinmlog[ +aJ lg(sﬂz} )

. A 8 )
= SN el | = 1-1
Slmllog(g(1+a/s)} log(sﬂ:] log Og( +aJ

vln—l

Hence L {

Lo

ds
S{S +a? s +b2)

‘l ca
=5 [log(52+az)—10g(52~§-bz)}S

)

Hence L { —I

L{ cosat—tcos bt}

5
2 2
1 s +a 1
==logl-1lo = =
2[ 8 g(sz-kbz” 2
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33. Let f(t) = sinh# . f(b)_ 1
$2 -1
sinht] ¢ 1 s—1\ T
Hence L{ ; J=IS2_1d [log(s+l]J
g 5
' | s(1-1/s) ¢ 1 s—1
: = lim = TR )
v S |35

|
——
g
a9
p—
|
—
Q
o
PN
w oW
+ {1
P
S
\—V—/
It
M=
—
=]
915
TN
o lw
| |+
[ P
M

34. Let f(t) :sinztzé(l—coszt)
- 1(1 5
sy=+#|—-
J(s) 2(5 52+4]
(1 17301
Hence L[ ; } 5 j(s 2z +4J
5

- 2
. sin” ¢ 1 1 2 1 5
ie., L =~ | logs—=log(s +4)T:—Io
[ t J 2{ B377 08 L 2% P

1 5 1 s
ie., =lim —log —/———==|—-—1lo
sr_)ooz 8':5\4'1+(4/52)J 2 g{ \‘52+4} I

- 3o
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35. Let f(t) = 2sintsinbt = 2-%[cos(—4t)—cos(6t)]

—= s 5
ie., f(t) = cos 4t —cos 6f {s) = -
’ / S+16 52436
f 7 (s s 1 2 2 T
L = = ds = =t log (s°+16)—log(s" +36)
|t } ;[(52+16 52+36J 2[ B 5 L
251ntsm5t 1 | 2416 -l
L ————— 105
i t "2 2436 ) |
, 52 (1+16/s )y o1 52+16)
= lim = -log - - =lo =
2B 2(1aaesty | 20 02436
1 log 1 -log 4_1_1,6.] L pog| £236
21 +36 2 k‘;2+16
2sin t sinbt fz__:Sg
Thus L : =log | —4—
] { t } BY 216
36. Let f(t) = sinat f(s) = f 5
s”+a

. sinat | 1 -1, T" 3 1 -1,
ie., { ; }—g-n[tan (s/a) . =tan (e )—tan ~(s/a)
Thus L[su;at] /2 — tan 1(s.:/a) = cot ~(s/a)

o

- - bt Y
cos 6f ~cos 4! ‘ ety iR 1
37. f Ty df 38. Uf Yy -l (_]' ‘
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s t ~cos 4t " cos 6t — cos 4t
37. We know that Ie “[&56__?505 }dt _ L[coq6 fcos }
0

Proceeding as in Problem-32 we can obtain

L{ COS ét—cos 4t

t J:log\/(sz+16)/(52+36)

ie.,

J‘ _5{[ cos 6t — cos 4f
¢ t

}dt = log V(s +16 /(52 +36)
0
Thus by putting s = 0 we get,

J’ cos bt — cos 4t

: dt = logV16/36 = log (2/3)

ewnt —.»’_bt
38. We shall first find L ; S

Pprat _ bt = ;
Now, 1] 75— | = JlLce ™y Ly ar
- s

t
y 1 1 s+all
- s = | 1
![swz s+b]d§ [iog(ti-i-b}:lﬂ
: 5{(1+a’s) +4a 5+4
SRS AL T = 1-1
slﬁalog[s(nws)} 10g(5+ J log Og[st

o—al bt
) s5+b
Ll Vt_—JHlOg[S+aJ

ie., It)‘ﬁ{i}{——w:ldt = log{

=)

If

w

~—
mw
<

il

fovad

s+h
s+a

—at - bt

Thus by putting s = ¢ we get, je dt = log(b/a)
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—t .
ﬂhall first find L[e ?mt}

Now L{e_t?int}: J.L(e-tsint)ds= I{L(smt S_>S+1}ds
5 s

ie., I
5

w-d:> = [tan_l(s+1)L = tan_l(oo)—tan_l(s+l)
:>+1

..,t .
L{g smt} = g—tan_l(s+1) = cot_](s+1)

t
. r —st ¢ sint 1
fe., Ie -“~t—dt=c0t (5+1)
we_tsint n
Thus by putting s = 0 we get J' ‘ dt = cot l(l)zz
0
| sin’t
4(]‘ Find I| T
£2

We know that L|:£(-tt—):| = If(s)ds

5

Further we have L{&} I J-f(Q)db ds

s 5

.2
L{ sin” ¢ } 1 log { N5 : 4 J (Refer Problem-34)

t
L sin” ¢ m?ll Vs® + 4 da-?ll {52+4ds
;2 1T 278 2%y T
s S
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Integrating by parts we have,
.2 *
sin” t | 4 1 —8
L log| 1+—= | s —ls-——— .1 —=* | ds
[ £ } g{ SZJ J ;[ ’I+(4/32) [534J
L : 5 _
i 4 T8
O-log| 1+-= [s |+ ds
i 8 ‘52 ' ;[52+4

2
=8 5"+ 4 -1,
= Tlog[ 2 ]+[tan (5/2)]:

s 5 -1
=2 log + [n/2-tan” " (5/2)]

4 52+4

W | =

W | =

Fiud the Laplace transform of the following functions

t t

11, fsinhu!sin atdt 42, Itcosatdi
0 0
! f
~in ol -
B fert™ 4. ¢ “Ojtsm Hdt
i

41. Let f(t) = sinh at sinat

2
fs) = i a0 (Refer Problem-20)
5+
t —
We have L If(t)dt =f(ss)
0
t
Thus L Isinhatsinatdt = 42‘124
s +4a
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22
42. let f(t) = tcosat - f(s)= -52—‘12‘2— (Refer Problem-22)
(s§7+a”)

t _
Wehave L[ [ f(t)dt 2L
0

£
Thus L Itcosatdt =

&k
5(52+a2)2

9 sinat

43. Let f(t) =v¢ ;

sinat

LIf(5)] =L[ }
s—({s-2)

sin at

But I{ :| = cot™ ! (s/a) (Refer Problem-36)

inat | 1fs=2) =
Hence L|iez"-§l%i = cot 1[%-J=f(s)

t
But L | f(tyde|=
0

4. Tofind L| ¢ % [tsin3tdt | we shall first find L (#sin3t)

0
-d( 3 6
L(tsinBt):—( =
ds \52+9} (s*+9)?
- 1
L| fesinatar | =< 265 > = 26 5
0 5 (s°+49) (5°+9)

1T

t
6 6

0 [(s+4)Y2+9  (s%+8s+25)>
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MISCELLANEOUS PROBLEMS

PRV Y N
- g s ; . R R R I A W L ,
450 Foed Hhe Lapdaee franstorin ot 2+ ’ - Pwin

>>  The given function be denoted by f(t) and let
SUE) = F()+G(t)+H(t)

cos 2t — cos 3t

where F(t) = 2!, G(¢t) = , H(t) = tsint

t
L[f(t)]:L{P(t)]+L[G(t)]+L[H(t)] .. (1)
*Now L[F(t)]=L[2!]=L[elos2t]. 1 .
s—log2
Further G (¢t) =%t;ci3£
L[G(t)]=IL(cosZt—coth)ds

3

=I 23—25 ds
5°+4 549

s

= (% log(s2+4)—%log(sz+9)r

5

100 V2oa 2o |

_log 5°+4/s +9]5

= [ log V1 + (47114 (9/52) ]s:m- log Vs? +4/52 + 9
log1-log Vs* +4/52+9

ie., LIG(t)] = log Vs? +9/5% + 4

Further H(t) = tsint

i

1
L{H(t)] :—diSL(sint) = ~dis(52+lj

Hence LIH(t)] = 25 3
(s°+1)
Thus the required L [ f(t) ] is given by
1 +log N2 +9/8% +4 +—221~“~

s—log 2 (s*+1)?

2
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>>  Weshall first find L ( # sin 2¢ )
2

Wehave L (£ sin2t) = (*1)2‘1— L(sin2t)
ds?
ie., L(tzsin2t)=g§-%{ 214}
S

_d|_—4
ds | (2 +4)°

_(PH4)(~4) 4452 (S +4)2

(s> +4)
_ 4P [ (P4 4) 445
(2 +4)*
, , 4(35%-4)
ie., L(t2 sin 2t ) = W‘
Thus L(e"st # sin2t) = 4[3(S+3)2_4]
[(s+3)P+4

@) Letf(t) = te - 250 = £ (1) p (1) (say)

LUF(8)] = LIf (O I-LIL ()]

LAPLACE TRANSFORMS -1

1
Now LIfi()]=L()= (Lt , {‘2}
§—35-2

1
LIf (£)] = ———
(D)=

Next L[fz(t)]=2L{Sn;3t:1

y T3
=2 [ Lsin3t)ds =2 ds
'[ ! 52+32

5
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LIf ()] =2tan™! (s/3)]7 = 2 {n2-tan" 1 (5/3) ] = 2c0t" ! (/3)

LIf,(t)] =2cot™ ! (s/3)

Hence the required LIf(t)] = -2cot 1(s/3)

2y

¢ _
(i) We have L I f(e)dt =&j~) where L[f(t)] :)_f(s)

0

Taking f(t) = ¢~ sin 2t sin 3t we have

Sil‘lZfSi.l‘l.BfZ%{COS(Zt—3t)—COS(2t+3t)}=%(C()St—c085t)
L (sin2tsin3t) =l 25 - 25 == 1232

215241 §2+25 (s2+1)(s°+25)

L{e 'sin2tsin3t) = 12(e+1) — = f(s)

[(s+1)Y+1][(s+1)2+25]

12(s+1)
s(sz+25+2)(sz+25+26)

t
Thus L j ¢ ! sin2tsin3tdt | =
a

A8, (0 Lealwate 11 sin’ f - cos’ £)

. . 1
>> si113t-—c053t=i(351nt—sm3t)—z(3cost+cos3t)

.3 3 1 3 3 1 3s 5
L(sin"t—cos”t) = — - - +
4 {52+1 sz+9} 41241 249

Using the property : L[t f(t)] == dis [?(s)]wehave,
-2s N 2s
(2419 (2497

L {t(sin3t-ncos3t)} = —%[

2 a2 2 _ndl
Pi[o S G2
(s°+1) (s°+9)

Thus L {t(sin3 t - cos’ t)}

=§ 1 3 1 +1 3. (1~—52) + 9-¢
2 | (2+1)? (2+9) | 4 ($+1)Y (249
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o

; )
P9 ilaag Lardace toste s ecalo ife J‘ O PenT 30t

1}
>> Weshall first find L (  sin® 3t)

sin’ 3¢ = % (1-cos 6t)

L(sin?3t) = % F— - ]

5 $°+36
2.1 df1 s
L ( #sin 3t)—2 ds|:s 52+36}
_=1] -1 (s°+36)-2¢
2 | 2 (436
. 2 111 (36-5%)
L(tsin®3t) =< | 5+
2{52 (s2+36 )
Using the basic definition in L.H.S we have,
[ et tsintatat- 1| L o 32‘3;522
0 2 | s (s“+36)

Thus by putting s = 1 we get,

[ et sint 3t dt:% 1+ 352 -
0 L (37)

(i) Let f(t)=32tc052t:92t-%(1+c052t)
LIf(t)] = % [L(er)JrL(ercoszt)}

17 1
| —= + {L(cos2t)} }
2_5_2 s5-2

_L[ 1 [ s
S 2] s=2 $*+4

§—85~2
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Thus L{é* cos? t) =

1 1 + 5—2
2s-2 @_4548
(i) Let f(t) = 1—cos3t

F(s) = LIfF(1)] = 2-

5°+9

'@} = If(s)ds

S

We have the property : L

1—cos 3¢ “t 1 5
ie., L ——— | = —— ds
[ t ] ;“{5 52+9}

-
= logs——%log(52+9)f

| —

s

[
=1 lo =
i g\/s‘+9 A

5

i S
= 10 T Tr—_— - ].0 T
8 s\.‘1+9/s2 l;:w 8 V52+9

s Vs? +9
logl—logm = log —

Find I ] sin Nt |

>>  We have the expansion of sinx given by

3x5

sSmxy = x—'é“‘i'-i-_'

517007
~—— 3 -5
sm(‘ft-) ‘_‘\[t—__%f)__*_i_?_
. 372 /2
L[sin(\/t_)izL(tm)—L(t6 )+L(;20 ) (D)
12y _ 0(3/2) 172.T(1/2) ~Ng =~
L(t™") = $3/2 - 372 T 533 e )
\\\\
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L(#32y = L(52) 3/2:1/2-Vn _ 3N
572 572 45572
L(tsxz)zr(7/2):5/2.3/2.1/2.\/5=15x177
§7/2 772 85772
Substituting these values in (1) we get,
Vi n Vm
LlsinVt] = - + -
253/2 G
:253/2 45 32 _}
_ 1/45 (1/43) T 1
- 3/2 21 "233/2“3
Thus L[sinVE] = —,-‘Ee‘l/“
2s | s
-
" cosVE
@ Find L \/_}
o
>> Wehave cosrﬂ1—§+z
cos(Vt) _ 1 1__t_+£_”_
Nt vt 4!
. COS(\/t_)H_tq.l/z t1/2+t3/2_
e i 2 T
cos (V) ] _ L1y LOYH Ly
Now L{ N }—L(t ) g (1)
- T(1/2) vn =

The expression for L (¢ 372 ), L( $ /2

), is as in the previous example. Substituting
these in (1) we have,

L cos(\/—) _ﬁ 1 N i N 3T B
R Vs 2255 24.44245
. CTn (. 11 Cm). U4s (1/4s)
ie., =\ 1—4S+—3252—---}~\|S{1 TR
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ICTRNNY A S A O O N ?( sY proee that Tl f(ali} = 'l/n-_?f' s04)

>> By definition L[f(at)] = J-e*"qtf(at)dt

0
Put at=u . dt = du/a and u also varies from 0 to <o
L[f(at)] — Je—sl{/ﬂ'f(u)d_u - lje_(S/a)U f(ﬂ)du

i a
u=0

Thus Lif(at)] = VVa f(s/a)
Remark : This is called ‘change of scale property”

54 Prace il follotwing

T

s

i 5 {sinat+atcosa!) | =
F 2

| | (l\.2 4 ”2 )2
!é : (sinat— atcos atl) 1
B : S USINAE— i cos al, = P
| 2d (S eay
>> Wehavetofirstfind L (aftcosat) = al (tcosat)
a(sz—az)
Referring to Problem-22, L (atcosat) = ——
(s+a”)
Also we know that L (sinat) = 2“ 5
s“+a

a +a(sz—a2)
32+a2 (s‘?‘+a2)2
32+a2+52—a2} 25

Hence L (sinat+atcosat) =

| (PP | (Prd)
Thus L{%(sinaﬁatcosat)j = (—g%az)?
Also L (sinaf—atcosat) = a{ (s T;);;;;_az)} = (522:;; 2
Thus L[ﬁ(sinut— atcos at)] = (32:a2 2
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55. Given L12VE/n ] = 1'sY2 show that LI1/NTt] = 1/Vs

>> L[2v/n] = 1/532 by data.

2Nt/ } _ 1 ds = js._:;/zds

t 3/2
5 5 5

. ) s—172 -2 2
ie., Li —| = == ==
rt -1/2 | Vs s

.61 Laplace transform of periodic function

Definition : A function f(t) is said to be a periodic function of period T>0 if
f(t+nT) = f(t) where n =1, 2, 3---

Example : sint, cost are periodic functions of period 21 because
sin(f+2nm) = sint, cos(i+2nmn) = cost.

Theorem :If f{t} saperiodic friiction of pertod 1, then

- ! -: —af
Lif(ty] = T _“r’ T E(H) dt

11— 0

Proof : We have by the definition

oa

LIF()] = [t feyat = [ flu)du
U]

0
T 2T {(n+1)T
= J‘e_suf(u)du+ Ie—suf(u)du+---+ I e f(uydu+- -
u=1{ u=T u=nrl
w (n+1)T
Liftl =3 | & ¥f(u)du
n=0 4 _ur
Nowput u = t+nT . du = dt
If u=nT then t+nT =nT = =10

u=(n+1)T then t+nT =nT+T => ¢t =T
Further f(u) = f(t+nT) = f(t) by the periodic property.
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Using these results in the R.ILS of (1) we obtain

o T
LIfty) =32 [est+Dpgyg
n=0,§=0
o T
LIfFH =2 5T [ o stp(tyat Q)
n={_ £=0

oo (=] n
But e T =3 (e‘ST) =1+ Ty+ (Y2 4
n=0 n=0

Putting 7 = ¢™*7 the series involved is a geometric series of the form 1+7+7%+. -
whose sum to infinity is known tobe 1/1 -7 where r<1.

Hence e T o 1 T ... (3}
n=0 1-¢°
Now using (3) in the RH.S of (2) we have
T 4
1 - -
LIf(t)] = = [t fley ae
1-¢°
0

WORKED PROBLEMS

56. If f(1) =17 0<t<2 and f(t+2) = f(t) for t>2, find LIf(t))
>> f(t) isa periodic function of period 2. . T = 2

T
Wehave  L[f(t)] = [erstrceyae

—sT
1—8 s 0
, 2 . 2
Now, L[f(#)]= % [emst 124t = = fe2e st ar
1-e = 1-¢ 50

Applying Bernoulli’s rule of integration by parts,

2
—st — st e—st1
LIf(t)] = 1'25 [tz."_J _{zt.’“’sz} J{z'—sﬂl

1-¢ -8
0 0
_ 1 f_l —2s _g ~25 _3 —25
_1_8_25{ s (477-0)-5 (277 -0) 71

-7
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L )]l = ————+—
[F(1)] 53(1-3-25){

—2528_25—286’_25—8_29+1][

Thus LIf(t)] =

{1—(252+25+1)e“25}

S(1-¢ %)

57. Fiud the Laplace transform of the periodic function defined by
F(ty =kt T, O<taT : F(1=T) = f(t)

T
>> Wehave L[f(tf)]=1 1_5Tje_5tf(t)dt
- 0
r T
Now, L[f(t)]=————[teat
T(1-e T

Applying Bernoulli’s rule we have

[ —st e—st\-|
LIf(t)] S S f-[e ]—1‘[— |J

T(1-¢°T)|

:—k —— (—th’_ST"‘OJ_%
T(1-¢ Ty L 8 s

788, Find the Laplace transform of the full wave rectifier f(t) = Esinwf,
0<t < n/w having period n/w

T
1 -
>> Wehave L[f(t)] = 7 _[ eStf(t)dt
1-e¢ 0
1 /W
Now L[f(t)] = ¢ ' E sin wt dt
1 —s(m/w)
£ f e—st -’n/w
= —ns/wl 55 (—ssinwt—w cos wt) :
l-e¢ | s +w 0
— E [g—srt/w cw—(—w)]

(1_e—ns/w)(s2+w2)



LAPLACE TRANSFORM OF PERIODIC FUNCTIONS 379

Ew(1+e ™)

(52+z(}2)(1—e—n5/w)

Thus L[f(#)] =

Multiplying both the numerator and the denominator by ¢™/* in R H.S, the expression
assumes the form, '

LIf()] = Ew (™2 4 o2y _ _Ew  2cosh(ns/2w)
B 52+w2 (ens/2w _ e—ﬂs/Zw) h 52+w2 2 sinh (ms/2w )
Thus  LIF(#)] = 2~ coth(ms/2w)
S+ uf

59. Findthe Laplace transform of the functionf (t) = Esin (R t/w),0<t <w gioen
that f{t+w) = f( 1) '

-
We have, L{f(t)] = L I e-Stf(t)dt. Here T = w
1—8—5 0
1 w
Now, L[f(t)] = - Je_SfEsm(nt/w)dt
|- —st . w
= E - 3 ¢ 5 {—ss'm(nt/w)—ﬂcos(nt/w)}
1% sT+{m/w) w 0
o e )
1-™ s+ (m/w) wyp oA, w
5 1
En w —ws
= — - (1+e ™)
w(l-e ™y w4’
Enw 1+e” %8 EFnw eV 4 w2
LIf(1)] = —0 =

(w’s +Tt2) 1= S Z0252+TE2 8105/2__8—205/2
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. E, O<t<a/2
60. Given f(t) = ~L, a/2<t<a

LIf(t)] = E/s tanh (as/4)

where f(t+a) = f(t), show that

The given function is periodic with period T = a.

T
1 -
Wehave LIf(£)] = —— [ f(¢)at
1-e¢ 0
. a
= je‘“f(t)dt
1""8 S(TO
'1 a/2 a
= — J.e“StEdt+J-e—S'(—E)dt>
1-e 0 a/2
a’? a
.E e—St |’e”5t
= 4 — ?
1-¢ -5 i L 8
0 a2 |
£ as? A
- BN B - — st
s E ] ]
s{l—-¢ ™) 0 a/2
— E {_e—as/2+1+e—ns_e—as/2}
s(1-e %)
-as/2\2
— ‘E (1_2€*a$/2+e—ﬂ5)=E(1 e_ )
s(1-¢ %) s(l1-¢ ™)
E(l_e—HS/Z)z B E(l_e—'ﬂs/Z)

LIf(t)] = =
L7 s(1=e™2)(1+e7 %2y (14 %2)

Multiplying both the numerator and denominator by 4 we get

E(g"‘y'l—e_“sm) _ E-2sinh (as’'4)
s (4 e "~ s5-2cosh(as/4)

Lif()] =

Thus LIf(t)] = %tanh(%sJ
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_ [t o<t<a
61. If f(t) = {2:1—1‘, as<t<2a, f(t+2a)=f(t)

(i) Sketch the graph of f(t) a¢ a periodic function

(it) Show that LI f(t)] = ~ tanh(as/2)

1
2
5

(i) Let f(t) = yand y =t is a straight line passing through the origin making an
angle 45° with the t-axis. ¥ = 22~ or y+# = 22 or t/2a+y/22 = 1 is a straight

line passing through the points (24, 0) and (0, 22). The graphof y = f(t) isas
follows.

Ay

-~ ¥

0 a 2ua 3u du Su bu

The periodic function f(t) is called the triangular wave function.

T
(i) Wehave T =22 and L[f(#)] = 1_Tj€"5tf(t)dt
1-¢ % 0

2a

Ie“”f(t)dt
0

1
1_E—ST

LIf(t)]

a 2a

1 - -
-i_——Zas Ite Sfdt+f(2a—t)e bt

i
Applying Bernoulli’s rule to each of the integrals we have,

a 2a

1 o= 5t e—sf p 5t e St
L[f(t)]=1_e—2ﬂs [t'_s _(1) 52 :| +[(2a_t) -8 —('_1) 32 :|
0 a

= —1—{—_5—(%_“5—0)—;1*2*((“5—1)—%(O—ae—”s) +§(e"2”5—e_“5)}
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1

LIf(t)] = » _2a5)(—e‘”5+1+e"’2“5—e‘“5)
§ —¢
1 ne s 1_—(152
T A s (172 e ) = s
s“(1-e¢ ) SS(1—-e )1+ ™)
- as as/2 _ —as/2
LIf(t)] = (1-¢ ™) _ ¢ 4

52(1+H—as) S2(6515/2_*_8—:75/2)

where we have multiplied both the numerator and denominator by ¢

2 sink (as/2) 1 as
5 :*Etanh 0
s°-2cosh(as’2) s

Lif()] =

Thus LIf(#)] = 1/s* - tanh (as'2)

62. A periodic function of period 2r/w is defined by

Esinwt 0<t<n/w

) = where E aad o arve constanis.
fet) {0, TS t<2n/0

Show that L [f( tyl=—7r—"7-—— .
(52+UJ2)(1—1.’_T“ m)

>>  We have for a periodic function f(t),

T
Lif(t)l = l_qT e_Stf(t)dt. Here T = 2n/w
1-¢° 0
1 2n/wy
LIAO = ——5mon | e f(ha
1_8 § 0
/W 2/ w
_ 1 — st . —st
—1 STy Ie Esinwtdt+ Ie -0dt
0 /W

£ r - " /0

(
1_8—2ns/m|_(_s)2+m2

~ssinwt—wcoswt) |

-k { — s/

. ) .
= (ssint+wcosn)—e {(ssin{+wcos0)
(s2+m2)(1_e—2ﬂ:s/u))

~ T 5/ ()
)

-E

_ — s/ Eao(l+e
_(S2+m2)(1_e—2ns/m) —(o}
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Ew(1+¢ T80
(52+w2)(1_ewns/m)(1+8—ns/’m)

LIf(H)] =

Thus L[f(#)] =

7.71 Unit step function (Heaviside function)

Definition : The unit step function u(t—a) or Heaviside function H(t-a) is
defined as follows.

0, t<a , ..
u(t—a) = 1 t>a where a is a positive costant.

7.71] Properties associated with the unit step function

s

() Liw(t-ay] = {T

il

(i) L{f(t-m)u(t-n)}=¢" }:(5) where L[f(t)] = f(s)

=51

Proof. (i) Llu(t-a)] = J'B_Stu(t—a)dt
0

a

J‘e_Stu(t—a)dH Ie‘“u(t——a)dt

0 a
1 oo

= _fe‘”-OdH je‘“-ldt
0 a

Il
o
+
—
™
le
e
S [
li
[eeel
|
[
| i
v =
"
Il
LY
t, |
P}
w

Thus L[u(t~a)1=e—;—
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@) LUf(t-a)u(t-a)) = [ f(t—a)u(t-a)dt
0]

= [t ft-a)-0de4 [t f(t-a) 14t
0

a

o

fe., L[f(t—a)u(t—a)]:J‘e_‘“f(t—a)dt

Put t—-a=v .. di=dov Ift=a0v=0; t=0, v=c

-]

Hence L{f(t-a)u(t—a)] = Ie_s(“+v)f(v)dv
v=0

ie., =¢ " je_”f(v)dvze"“sj_f(s)
=0
Thus LIf(t-a)u(t—a)l =e “f(s)

Remarks

1. The result (i) follows as a particular case of (ii) When f(t—a) =1 we have f(t)
also equal to 1 and hence L1 f(t)] = 1/

Hence (ii) becomes L{u(t—-a)} =¢ /s

2. It is possible to express a discontinuous function f(t) interms of unit step function and
inturn we can find its Laplace transform by using properties (i) and (ii). The following two
results : (iii) and (iv) which can be easily verified will be highly useful.

fl(t), t<a
fo(t) t>a

Then  f(t) = f(t)+1f,(1)=f, (1) u(t-a)

(i) If f(#) =[

0, t=<
Proof R.H.S=f1(t)+[f2(t)—f1(t)]{1’t)g
0, t<a fl(t)+0,t£a
:fl(f)-}- B = B
LD =fE, t>a " 1 f (D) +f (D) —f (1), t>a

f(E), t<a

f(t) t>a = f(t) = LHS

ie., RHS = ‘
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fi(t) t<a
(v) If f(ty=1f (), a<t<bh
f3(t), t>b

Then  f(t)y = fi()+1f(£)=f () ]u(t~a) ()Y =f, (1) ]u(t-b)

Proof : R.H.S=f1(f)+[f2(f)—f1(f)]{2’:52"'[}'3(t)-f2(t)]{?’:§:
RIS 0, t<a 0, t<b
HS. = f(t) + AO=f(t), t>a T A= (1), t>b

fl(t): t<a 0, t<h
A1), t>a ¥ L) =, (1), t>b
,fl(t),tSa fi(t) t<a
RHS. ={f(t), t>a t<b = H(t), a<t<sb =f(t)=LHS
(), t>b £ (8, t>b

WORKED PROBLEMS

Working procedure for problems

Type-1 :Tofind LIF(t)u(t—a)] where F(t) is a polynomial in t.

9 Let F(t) = f(t—a) which implies that F(t+a) = f(t)

< Replacetby t+a to obtain f(t)

O Find L[f(t)] = f(s)

S LIE(t)u(t-a)l =L[f(t-a)u(t-a)] =¢ " F(s) by property (ii)

Type-2 : Given f(t) as a discontinuous function, to find L{f(t)] by expressing
f(t) in terms of unit step function

2 Weexpress f(t) in terms of unit step function by directly making use of thc
result (iii) or (iv) as the case may be.

2 Wefind L{f(t)] as in Type-1
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Find the Laplace transform of the following functions

63. [ Y+sin(t-1)1u(t-1) 64. sintu(t-1)
65. (3t2+4t+5)u(t-3) 66. (1-&HYu(t+1)
67. (£3+t2+t+1)u(t+1) 68. (t2-6t+9)e ("3 y(t-3)

63. Let f(t—-1)=e""Tosin(t-1)
' 1 1

= f(t):et+sint ?(S)::-’_;ﬁl

Wehave L[f(t-1)u(t-1)]=¢"°f(s); (a=1)

Thus L[et"1+sin(t—1)]u(t—1)=e'5[i+ 1 ]
64. Let f(t-m) = sint

-1
241
Wehave, L[f(t-m)u(t-m)]=¢" f(s); (a=m)
Thus Llsinfu(t-n)l=—-¢ " +1

= f(t) =sin(t+m) = =sint =~ f(s) =

65. Let f(t—-3)=3t%+4t+5

= f(t)=3(t+3)2+4(++3)+5 = 3t>+22t+44

— | |
$ 8 $ 2 s

Wehave, LIf(t-3)u(t=3)]1=¢ *F(s); (a=3)
Thus L[(3t2+4t+5)u(t—3)]=e“35[6/s3+22/s2+44/s]

66. Let f(t+1) =1~¢"
= f(t)=1—e2(t_1} by replacing tby (f—1)

. -2 2 . F..,_1 2 1
ie., f(ty=1-¢e e f(a)—s e <

Wehave, L[f(t+1)u{t+1)] :esf(s); {a=-1)

s (5-2)
Thus L[(1-&)u(t+1)] = g[l__l_]z %_e
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67. Let f(t+1)=t3+¢24¢+1
= fOE) = (F=1P +(t=1P+(t-1)%1

= (t7=3243t 1)+ (+2-2641)+(t-1)+1

: 2 - 32 1
e, f(t)=t3-262428 o f(s)=;z_2.s_3+2.q_2

Wehave, L[ f(t+1)u(t+1)] :esf(s); (a=-1)

68. Letf(t—?)) = (t2—6t+9)[)'{t_3) - (t_3)2e—(t—3)

t =t2 —t A f = 2 = 2
= S ) /(s) (s+1)  (s+1)

Wehave, L[ f(t-3)u(t-3)]1=¢* F(s); (a=3)

~3s
Thus LI(t2-6t+9)e (i3 y(r3))=¢®. 2 _ 2¢

Express the following functions interms of Heaviside unit step function and
hence find their Laplace transform.

L, 0<t<4 sin2t, O<t<n
69, =q 70. ty= !
Fee) {5, t>4 0. /() {0, t>x
cost, O<t<m sint, 0<t<n/2
71. t) = ! 72, = !
fee) {sin t, t>m 2. 70t {cos t, t>m/2
1, 0<t<1 cost, 0<t<sm
73. f(f) ={f 1<t<2 74, f(t) =<1, n<t<2n
2 sint, f>2n
- t% £>2

ezt,0<t<1 }fcost,0<t<n

75. f(r)={2 o1 76. f(t) = {cos2t m<t<2n
’ cos 3t, £>2n
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’t, O<t<d

f(t)y =1+#(5=-h)it(t+4) by aproperty.

LIf(t)] =L(t)+L[(5-t)u(t-4)] (1)
Wehave L(t) = 1/5°
Let F(t-4)=(5-1) o F(t)=5-(t+4)=1-t
Hence F(s)z)’..{?(t)]:%——2
s

But L[F(t-4)u(t-4)]}=¢e ¥F(s)

e,  L[(5-t)u(t-4)] = e‘45(1/s—1/52)

Thus (1) becomes,

T T s

Remark : Refer Problem-1, the problem has been worked by the basic definition.

sin2t, O<t<nm

f(t) =sin2t+(0—sin2t)u(t—n) by a property.
L[f(t)]=L(sin2t)‘—L[sin2_tu(t—n)] Y]

Letusfind L[sin2tu(t—-m)]

Taking F(t-m) _ sin2t, F(t) = sin2 (t+7) = sin (2 7+2¢)

ie., F(t)=sin2t . F(s)=2/5+4

But L[F(t-m)u(t-n)]=¢ "F(s)=2¢"%/s>+4

Thus (1) becomes,

2 267 2(1-€ ™)
Lif(t)] = -= =
() d+14 P44 & +4

Remark : Refer Problem-2, the problem has been worked directly.
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cost, O<t<nm
sint, t>m

7. f(t) = {
f(t) = cost+(sint—cosi)u(t-m) by a property.
L[f(t)]=L(cost)+L[(sint—cost)u(f——n)] (D)

Nowlet F(t-n) = sint-cost

= F(t)=sin(t+mn)—cos(t+m) = —sinf+cost

= -1 s s—1
F(s) = + =
£+1 241 2+1

€ P(s~-1)

2

But LIF(t-n)u(t-n)] = e ™F(s) =
5+ 1

Thus (1) becomes

sint, O<t<n/2
72. f(t) = {cost, t>m/2

f(t) =sint+(cost-sint)u(t-n/2) by a property.

LIf(t)I = L(sint)+L{(cost—sint)u(t-mn2)] (1)
Now, let F{t-n/2) = cost~sint
= F(t)=cos(t+mn/2)—sin(t+n/2) = —sin t —cos f

= -1 s -(s+1)
Fls)=a—r-3-="73
5+1 s°+1 (s°+1)

™2 (541)
+1

But  L[F(t-ma)u(t-n2)]=e ™2 F(s) =

Thus (1) becomes

1 ™% (s+41) 1-e"2(541)
LIf(t)] = - = SSAs»
LF(e)] sf+1 ($+1) 41
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1, 0<t<1
73. f(t) =1 1<t<?
t2, t>2
f(t)=1+(t——1)u(t—1)+(t2—t)u(t~2)byaproperty.
LIF(EY] = L +L[(t=1)u(t-1)1+L{(t2=t)u(t-2)] )
Let F(t-1)=(t-1); G(t-2)=1t2—t¢
N F(t) =t S G(H)y = (t+2)—(t+2) = t2+3t+2
f(s)zsl2 ;E(s):s%+§§+§
L[F(t—AI)u(t—l)] = ¢ 5F(s) and L[G(t-2)u(t-2)]1=¢ %G (s)
ie., L[(t—l)u(t—l)]:g and L[(tz—t)u(t—Z)]=e_25{j—3+;%+§\
J

Thus (1) becomes,

7]

cost, O0<t<n

74 f(ty=431  m<t<2m
sint, t>2m7

f(t)y=cost+{l—-cost)u(t-m)+(sint~1)u(t-2m)

Lif(t)] =L{cost)+L[(1-cost)u(t-m)l+L[(sint~1)u(t-2n)] ...(1)
Let F(t—-m)=1-cost ; G(t-2n) =sinf-1

= F(ty=1-cos(t+m); G(t) =sin(t+2n)-1

ie., F(t) =1+cost ; G(t) =sint-1
- 1 5 — 1 1
F(s)=—+ ; G (s)= -
S $41 241 S

LIF(t-m)u(t-nm)] = e“nsf(s) and L[G(t-2m)u(t-2m)] = 8‘2’”'(;(5)

ie., L[(l-cost)u(t-n)]=¢T° 1+7L" and
5 541

Li(sint—-1)u(t-2n)] = g'zfs(;;i_é}
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Thus (1) becomes,

LIf(t)] = 5 +e‘“(%+ = Jﬂ-zm[%l__lj

s°+1

flty=ete2-yu(t-1)
LIf()] = LY+ LI(2-*)u(t-1)] N
Now, let F(t-1)=2-eX=F(t)y=2-20+1)_p_,2. 2

2 o5 1
s ¢ 5-2

F(s) =

But LIF(t-1)u(t=1)] = ¢ 5F(s)

2
i, an—éﬂuu—1n=f”(§—f J

Thus (1) becomes

cost, Q<i<nm
76, f(t) =<cos2t, m<t<2m
{cosSt, t>27

f(t) = cost+(cos2t~costyu(t—m)+(cos3t~cos2t)yu(t—2m)
L{f(t)] =L(cost)+L[(cos2t-cost)u(t-m)]
+L[(cos3t—cos2t)u(t-2m)] 1)
Let F(t-m) = cos2t—cost ; G(t=2m) = cos3t—cos2t
= F(t)=cos2(t+m)~cos(t+mn) and G(t) = cos3(t+2m)—cos2(t+2n)

ie., F(t) =cos2t+cost ; G(t) = cos3t—cos2t

= S 5 - S 5
F(s)=——+ ; G(s)= -
s+ 4 s2+1 52+9 52+4
But L{F(t-n)u(t-n)] = ¢ ™F(s) and

LIG(t-2m)u(t-21)] = e 2™ G (s)
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ie., L{(cos2t—costyu(t-m)}=¢ ™° 25 + 25
5°+4 s°+1

_ —2us 5 S

and L[(cos3t—cos2t)u(t-2n)] =¢ =
$°+9 s°+4

Hence (1) becomes
5 - 8 5 — 218 5 5
LIf(t)] = +e ™t + +e - —
/ st +1 P+a 241 P+9 s2+4

S TS 1., 1) S5ge 2°°
1 (P +4)(£+9)

ADDITIONAL PROBLEMS

77. Find (i) L[ef’u_(-t—z)] (i) LI Pu(t-3)]

>> () Let F(t-2)=¢"!

= F(t)=e_(t-+2)=_e_2~e_t

2 1 8—2

s+1  s+1

L{F(t)}=F(s)=¢

Weknow that L{F (£-2)u(t-2)] = ¢ > E(s)

-2 e—2(s+1)

Thus LlIetu(t-2)]=¢2.

S+1= s+1
(i) Let G(t-3) =
= G(t) = (t+3) = 2 +6t+9
— 2! M9 2 6 9
53 52 s 53 52 g

Weknow that L[G(t-3)u(t-3)]=¢ % G(s)
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P8 Epess e fodloceing fusiclion fn tovps eof Heaviside wnit sley tnnction and hieace
find its Laplace transtorin where

Foil)

i

I
Vi fs 2

>>  f(#) = P+(4t—+)u(t-2) byaproperty .
LIF(4)) = L(2)+ LI (4 =) u(t-2)] ()
Weshall find L{(4f—#) u(t-2)]
Taking F(t~2) = 4 —t> we have,
F(t)=4(t+2)-(t+2)
ie, F(t)=4-f

Hence 1_3(5) =L[F(t)] = —%
s
But LIF(t-2)y u(t-2)] S ?(s),byaproperty.

3

L{(4t~2Yu(t-2)]=¢2% (é_}_] .. 2)
S

Thus by using (2) and L ( £ ) = 2/5> in (1) we get

2, (4 2
L[f(t)]%s—3+e [;——3]

§
T Eymiess e finelica LY 1‘ t ’ i:(: & Pderss of madt step frarction gud
Uewce tond {is Lanlace Gansfoi S
>> flty=(n-t)y+[sint—(n-t)]u(t-mn) by a standard property.
Le., fty=(n-t)+[sint—-n+t]u(t-mn)
LIf(#)) = L(m—t)+L{[sint—n+t]u(t-n)) )

Taking F (t—m) = sint—m +t, we have
F(ty=sin(t+m)-n+(t+n)

Le., EF(t) = —sinf++#

-1 1

+_
52+1 52

F(s)=L[F(t)] =

Also L[F(t-mn)u(t-m)]=¢ " F(s)
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2

Li(sint-n+t)u(t-n)l=¢"° (l— 21 J ... (2)
57 5 +1

Thus by using (2) in (1), with L(n—t) = n/s—1/5> we get,

1 _gs (1 1
Lf(t)]=[%—§J+e“ (§—52+1J

80. Define Heaviside unif step function. Using unit step function find the Laplace
transform of

sint 0 <t <mn
f(t) = {sin2f n €f < 2n
sin3t t 2 2n
The given f( £ ) can be written in the following form by a standard property.
f(ty=sint+[sin2t—sint]u(t-=n) +[sin3t—sin 2t Ju (£ -2m)
Now L{f(#)] = L(sint)+L]{[sin2¢—sint] u(t-m)}
4+ L{[sin3t—sin2tJu(t-2m) (1)
ConsiderL{[sin?.t—sint]u(t~n)}
Let F(t-mn) =sin2f—-sint
= F(t)y =sin2(t+m)~sin(t+m)
ie., F(t) =sin(2n+2t)~sin(n+1t)

or F(t) =sin2t+sint

= 1
F(s)=LIF()] = 5+
sT+4 541

But L[E(t-m)u(t=m))=¢ " F(s)

ie., L{[sith—sint]u(t—n)]}=e“”{ 224+ 211} {2
57+ 55+

Also let G(t-27) = sin3t-sin 2t
= G(t) =sin3{t+2rn)—sin2(t+2m)
le., G(t) = sin3t —sin 2¢

= 3 2
G(s) = -
P49 P a

But L[G(t-2m)u(i-2n)]=¢ 7 G(s)
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ie., L[[sin3t—sin2t]u(t-—2n)}-—-e_zns[—s—- 2 } )]

Thus (1) as a result of (2) and (3) becomes

1 a2 1 s 3 2
LIF()] = 1 32
(6] sz+1+e [s2+4+52+1}+e LZ+9 sz+4]

7.8| Unitimpulse function
The unit impulse function or the Dirac delta function & (t - a) is defined as follows.

d(t—a) = Hlm o (t—a) ; a=0

te—0

1 ifa<t<a+e
where 8 (t-a) = £

0, otherwise

7.81| Laplace transform of the unit impulse function
We shall first find the Laplace transform of § L(t—a)

LIS, (t-a)) = f &5, (t-a) dt

0
a a+E oo

= Jet s, (tmayat+ [ e s (tmarat+ [ &5 (t-a)d
¢ a a+e

A+E
I e st é dt, by using the definition.
1

—st + £
Lie ) _z1 [esave) ~ )
£ -8 R ES

L[Sg(t—a)]=e_“5{1—e_ } ()

e, L[8,(t-a)]

£35

£E—0 e—=0

But  L[&(t-a)]= L{ lim Sg(t—-a)} = im L8, (t-a)]

Hence taking limit on both sides of (1) as € — 0 we have,
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_ —ES
lim L[Se(t-a)]:e_aslim{l ¢ }ze’“sk . {2)
£e—0 £e—=0 €s
1=t . , 0
wherek = lim - . This being in the indeterminate form —, we employ
s

£E—=0
L'Hospital’s rule to evaluate the limit.

Hence k = lim =lime ¥ =1
g0 5 £e—0

0—(-s)e ©°

Using k = 1in(2) we have,
lm L{8 (t-a)]=e "

£—>0
Thus LI§(t-a)]l =€ *
Note : Inparticularifa = 0, L[8(t)] =1
WORKED PROBLEMS
8t Find L1280t 1) +38(t-21+30(t+331]
>> Wehave2L [§(#—-1)+3L[8(+-2)]+4L[8(++3)]

=26 %+3e ¥ +46 since L[§(t-a)]=e ™

82, Find {lcosh2d (-2}

>> cosh3td(t-2) =%{e3f+e_3t}8(t—2)
Llcosh3t8(t-2)] = {L[e¥8(t-2)] + L{e ¥ (t-2)]
2
1
=§{L[6(t_2)]s—)s—3 +L[8(t_2)]5m-)s+3}
L o - 25
=-2_{(e )s—)5—3+(e )s-—>5+3}
%{8—2{5—3)+e~2(s+3)}
LIcosh3t6(t—2)]=ﬁ{36+e_6}
2

Thus LIcosh3t&(t—-2)] = cosh6e =
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83, Fiad 1L[178(1-3)]

>> L[8(t-3)] =¢ %

4
LIfs(t-3)] = (1)t &

Thus LI£§(t-3)]=81¢%

88. FindL1(t-17 68(f-a)]

>> (t=1Y8(t-a) = (P-2t+1)8(t—a)

LICt=1)8(t-a)]=L[8(t-a)]-2L[t8(t—-a)]+L[6(t-a)]
- 2 2 —as 14 —as - as
—("1);5(3 )—2(—1)£(6’ yte

R A Pl (2®-2a+1)e" ™
Thus LI(t-1)*8(t-a)] = (a-1)%¢ %

R5. Tind | : 2,‘&:' { ,i ""’;)*?_‘_”_r' 23

L[285(+=3)+38(t=2)] =20 34372

L[zﬁ(t—3)+35(t—2):l

; = {2 %43 %) ds

|
| ——
\®]
Fms
wiow
+
w
IN
t
Mo
—

Thus Ll:ZS(t—S)+38(t~—2):l _ %(48



398 LAPLACE TRANSFORMS - 1

EXERCISES
Find the Laplace transform of the following functions

2, 0<t<3 t, O<t<cl
. = ’ 2. = g
L1 7(6) {t,t>3 FH {tz,t>1
II 3. sin3¢sin2tsint 4. cos(2t+3)+cos7tcos 3t
5. 4sin’tcost 6. tVE+4t3+3
ML 7. ¢ !cos®3t 8. ¢ ¥ sind 2t 9. cosh 2f cos 2t
IV 10. tsin’t 11. #sin3fcost 12, (1+tel)?
v 1. cosh at —cos bt 14, 1 - cos at 1. _231n3‘_#f_995_5t_
t t t
t £ t
vi 16 [ 4 17. [etcostdt 18, [tesingtar
0 0 0

VII Evaluate the following integrals using Laplace transforms

19. Ie‘Sttsintdt 20. J-tzetcostdt
0 0;
= -t -3t ™
e -—-¢ sin
21 J St 22 Oj i

VIII Find the Laplace transform of the following functions

a, 0<t<a |t O0<t<n
—a, a<t<2a 24 f(8) = {Zn—t, n<t<2n

23. f(t) = {
where f(t+2a) = f(t) where f(f+2m) = f(t)

25. f(t) =Esinot in 0<t<m/m

IX Find the Laplace transform of the following functions

26. (t2+2t—1)u(t—3) 27. (sint+cost)u(t—-mn/2)
28. ¢ tu(t-2)
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X' Express the following functions interms of Heaviside unit step function and hence
find its Laplace transform

29, f(t) = {tz' I<t<2 30. f(t) = ﬁﬁi},o;iffzn
at, t>2 sindt, t>2xn

XI Find the Laplace transform of the following functions

31. coshtd(t—a) 32. sinh3td(t-2)

33. '8(t-3) 34 ($+1)%8(t-2)

35. [28(t-1)+68(t-2)]/t

ANSWERS
D3 3 1+¢ % 2678
I 1. 5 2. 7 3
§ s 5 5
11 3. 1 21 — 23 + 22
21 244 2436 2+16
s 2 § 1 1
4. cos3- —-sin3- + = +
55+ 4 s2 44 2(52+100 52+16J
5 8s o 3V 24 1
’ (s+1)(s°+9) T 452 4 s-log3
2
1 48
I 7. S +223+ 2 8. — :
(s+1)(s°+25+37) (54+65+13) (s +6s+45)
3
9. 3
5T+ 64
2 4 2
6s5(s +165“+96
sT(8°4+4) (+16)(s5°+4)
6 6
12. l+ 3 7+ 7+ 3
So(s-1) (5-2) (s5-3)

Vo 13 log V(2 + b2 )(s2—aP) 14. log (Vs%+2%/s2 )

15. tan" ! (s/2)~tan" ! (s/8)
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VI

VII
VIII

IX

XI

16.

18.

19.
23.

25,

26,

28.

1
;cot 1(s/az)

8(s+1)
s(sz+23+17)
3/50 20. 1

a’s-tanh (as/2)

Ew
2+

- 2 14
[ 3s —3+%+—-
s° s 8

coth (ms/2w)

29. —

30,

31
33.

35.

17.

21.
24,

32,
34.

s+1
S(s2+25+2)

log 3 22, w2

1/s% - tank (15/2)

(S_l)e—ns/Z

s+ 1

_ 2
+e ‘23__ 2
s5+9 s +4

sinh 6. ¢ 2
g2



